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1. Introduction
Bossert (1997) has introduced the definition of uncertainty aversion to model non-probabilistic decision-making under complete ignorance. The proposed definition simply states that getting an outcome x with certainty is preferred to having a set of possible outcomes that contains elements which are worse than x and better than x. He has shown that the decision rules which are characterized by the uncertainty aversion principle are closely related to the maximin rule. He has also established an impossibility result with respect to some alternative attitude toward uncertainty, namely uncertainty neutrality. In Bossert, Pattanaik and Xu (2000) a weaker version of the uncertainty aversion, called simple uncertainty aversion, was used to provide characterizations of some new rules for individual decision-making under complete uncertainty. 

      In this paper we introduce some extensions of the Bossert’s uncertainty aversion and simple uncertainty aversion used by Bossert et al. and show that they clash with some well known properties such as Independence and Monotone Consistency. In addition, we examine some alternative attitudes toward uncertainty, namely uncertainty appeal and uncertainty neutrality principles. We establish that some version of uncertainty appeal will clash with two other conditions, namely Dominance and Independence. Finally, we produce an impossibility result that to a certain degree represents a strengthening of the Bossert’s impossibility theorem.

     Section 2 introduces the framework and uncertainty aversion principles. Section 3 presents some alternative attitudes toward uncertainty, and section 4 concludes with some brief remarks.

2. The framework and uncertainty aversion
      Let X denote the non-empty and finite set of alternatives { x1, x2, …,xn}. We assume,

      without loss of generality, that X is linearly ordered from x1 to xn, that is , the subscript i denotes the rank of alternative xi according to the underlying strict linear order P on X.

     Let ((X) denote the set of all non-empty subsets of X. The elements of ((X) are interpreted as uncertainty prospects when the individual does not know the probability distribution nor any likelihood ranking of possible outcomes. Let ≽ denote a binary relation on ((X) and ≻ and ~ be its asymmetric and symmetric factors respectively.        A ≽ B means that the subset of alternatives A is at least as good as the subset of alternatives B. Notice that there are no references to the possible states of the world. What matters is only the sets of possible outcomes. We do not impose any particular requirements on ≽, except at the end of Section 3 where following Bossert (1997), we assume that ≽ is transitive. Typically in the literature it is assumed that ≽ satisfies reflexivity and transitivity and quite often also completeness (see Barbera, Bossert and  Pattanaik (2004) for a recent survey).

     Bossert’s definition of uncertainty aversion is formally captured by the following axiom.

Uncertainty Aversion (UA): For all A, B ( ((X) such that A ( B=(, for all                    y ( X \ (A ( B), if xPyPz for all x ( A and all z ( B, then {y} ≻ A ( B and                      {y} ≻ A ( B ( {y}. 

In our framework, increases in uncertainty are identified with increases in the spread of the ranks of the alternatives in subsets. Singleton subsets represent certainties. They are ranked better than subsets containing alternatives that are immediately below and above them. The subsequent terms of an increasing spread sequence could be obtained by successively replacing best and worst alternatives by those immediately below and above them. Hence for i = 3, …, n – 2 we have {xi}, {xi-1, xi, xi +1}, {xi-2, xi, xi+2}, … as an increasing spread sequence. We assume that subsequent terms of this sequence represent more uncertain outcomes, that is, in our framework uncertainty aversion would require that {xi} ≻ {xi-1, xi, xi+1}, {xi-1, xi, xi+1} ≻ {xi-2, xi, xi+2} and so on. Notice that the first term, {xi} ≻ {xi-1, xi, xi+1} represents the weakening of Bossert’s uncertainty aversion principle UA. However, Bossert’s definition of UA would not provide a comparison of subsequent terms of the sequence. Formally, our version of Uncertainty Aversion axiom can be formulated as follows (the results in this paper would require only the first and second terms of the sequence, but not subsequent terms): 

Uncertainty Aversion*(UA*): For all xi ( X, if i = 2, …, n – 1, then {xi} ≻ {xi-1, xi, xi+1}, and if i = 3, …, n – 2, then {xi-1, xi, xi+1} ≻ {xi-2, xi, xi+2}.

     We need to introduce some further properties. The first is a slight strengthening of the Independence condition introduced by Kannai and Peleg (1984). It requires that a strict preference for one subset over another is preserved by augmenting both by an alternative that is in neither. 

Independence (IND): For all A, B ( ((X), and for all x ( X \ (A ( B), A ≻ B implies 

A ({x} ≻ B ( {x}.

For defence of IND in the context of decision-making under complete uncertainty the reader should consult Barbera and Pattanaik (1984).

     The following property is a dual of IND. It requires that a strict preference for one subset over another is preserved by subtracting an alternative that is in both subsets.

Dual Independence (DIND): For all A, B ( ((X), and for all x ( A ( B, A ≻ B implies A \ {x} ≻ B \ {x}.

     Another property is a variant of a condition used by Arlegi (2003). He has introduced the following condition, called Monotone Consistency. 

Monotone Consistency (MC): For all A, B ( ((X), A ≽ B implies A ( B ≽ B. 

MC simply says that if a set A is weakly preferred to another set B, then the worse prospect B can not be strictly better than the union of A and B. We utilize the following version of MC. 

Monotone Consistency* (MC*): For all A, B ( ((X) such that A ( B = (, A ≻ B implies A ( B ≻ B.  

Theorem 1. If X contains at least five alternatives, there exists no binary relation on  ((X) which satisfies UA*, IND, DIND and MC*.

Proof. By UA* we have {x3}≻{x2, x3, x4}. Repeated applications of IND will give us {x1, x3, x5}≻{ x1, x2, x3, x4, x5}. Again by UA* we have {x2, x3, x4}≻{x1, x3, x5}. DIND then implies that {x2, x4}≻{x1, x5}. From MC* it follows  that {x1, x2, x4, x5}≻{x1, x5}. Then IND implies that {x1, x2, x3, x4, x5}≻{x1, x3, x5} contradicting the fact that          {x1, x3, x5}≻{x1, x2, x3, x4, x5}.                           (
In Bossert, Pattanaik and Xu (2000) the following simple version of UA was introduced:

Simple Uncertainty Aversion (SUA): For all x, y, z ( X such that xPyPz, {y}≻{x,z}. 

We introduce the following strengthening of SUA.

Simple Uncertainty Aversion* (SUA*): For all xi(X, if i=2, …, n-1, then                                       {xi}≻{xi-1, xi+1} and if i = 1, then {xi}≻{xi, xi+j} for j = 1, …, n – 1.

Clearly SUA* implies SUA but not vice versa.

Theorem 2. If X contains at least three alternatives, there exists no binary relation on ((X) which satisfies SUA*, IND and MC*. 

Proof. By SUA* we have {x2}≻{x1, x3}. Hence MC* implies that                               {x1, x2, x3}≻{x1, x3}. Again by SUA* we have {x1}≻{x1, x2}. Therefore, IND implies that {x1, x3}≻{x1, x2, x3} which contradicts to the fact that {x1, x2, x3}≻{x1,x3}.    (
3. Uncertainty appeal and uncertainty neutrality
First we define uncertainty appeal by simply reversing the preferences in UA*.

Uncertainty Appeal (UP): For all xi ( X,  if i = 2, …, n – 1, then {xi-1, xi, xi+1}≻{xi}, and if i = 3, …, n – 2, then {xi-2, xi, xi+2}≻{xi-1, xi, xi+1}.

We need to introduce yet another property, called Dominance condition. It was introduced by Kreps (1979) and utilized widely in various papers on the axiomatic ranking of opportunity sets (see Gekker and van Hees (2005), Puppe (1996) among others). 

Dominance (DOM): For all A, B ( ((X), A≽B implies A≽A(B.

DOM simply says that if a set A is weakly preferred to another set B, then adding B to A should not reverse the preference. We use the following version of it: 

Dominance* (DOM*): For all A, B ( ((X) such that A ( B = (, A ≻ B implies A≻A(B.

Theorem 3.  If X contains at least five alternatives, there exists no binary relation on ((X) which satisfies UP, IND, DIND and DOM*.

Proof. By UP, we have {x2, x3, x4} ≻ {x3}. By repeated application of IND, we get               {x1, x2, x3, x4, x5}≻{x1, x3,  x5}. Again by UP we have {x1, x3, x5}≻{x2, x3, x4}. From DIND it follows that {x1, x5}≻{x2, x4}. DOM* then implies that {x1, x5}≻{x1, x2, x4, x5}. By IND we have  {x1, x3, x5}≻{x1, x2, x3, x4, x5} contradicting the fact that{x1, x2, x3, x4, x5}≻{x1, x3, x5}.                                  (
Similarly the definition of uncertainty neutrality and simple uncertainty neutrality could be obtained by replacing the strict preferences in UA and SUA* by indifferences.

Uncertainty Neutrality (UN): For all A, B(((X) such that A(B = (, for all y ( X\(A(B), if xPyPz for all x ( A and all z ( B, then {y} ~ A(B({y}.

Simple Uncertainty Neutrality* (SUN*): For all xi ( X,  if i = 2, …, n – 1, then                  {xi} ~ {xi-1, xi+1}, and if i = 1, then {xi} ~ {xi, xi+j} for j = 1, …, n – 1.

At this point we assume that ≽ satisfies transitivity. Bossert (1997) has established that UN clashes with the following extension rule (provided that X contains at least four alternatives): 

Extension Rule (ER): For all x, y ( X, {x} ≻ {y} if and only if xPy.

Extension rule simply requires that singleton sets should be ranked in the same way as the corresponding alternatives themselves are ranked by P.

The following theorem provides a similar but slightly tighter result.

Theorem 4. If X contains at least three alternatives, there exists no transitive relation on ((X) that satisfies SUN* and ER.

Proof. By SUN*, we have {x2} ~ {x1, x3}. Again by SUN* we have {x1} ~ {x1, x3}.

Therefore by transitivity of ≽, x1 ~ x2 contrary to ER.                         (
4. Concluding remarks
In this paper we have introduced some plausible extensions of Bossert’s uncertainty aversion and simple uncertainty aversion principles and have shown that they may clash with such well known properties as Independence and Monotone Consistency. We have also established that similar extension of uncertainty appeal is inconsistent with Independence and Dominance conditions. In establishing these results, we have not imposed any requirements on a binary relation ≽. However, if we require ≽ to be transitive, then an extension of simple uncertainty neutrality principle will clash with an Extension Rule. Hence the paper provides a first step in exploring a question of how different definitions of uncertainty aversion /appeal play role in establishing various impossibility/possibility results. 
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