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Abstract

We consider a collective choice process where three players sequentially make
proposals how to divide a given amount of resources. Afterwards one of the
proposals is chosen by majority decision. If no proposal obtains a majority, a
proposal is selected randomly by drawing lots. We establish the existence of the
set of subgame perfect equilibria using a suitable refinement concept. In any
equilibrium, the first agent offers the whole cake to the second proposal maker,
who in turn offers the whole cake back to the first agent. The third agent is then
indifferent between dividing the cake between him and one of the other agents.
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1 Introduction

In this paper we study the division of a cake by majority decisions and lotteries to break
ties. Three players 1 through 3 propose each a division of the cake and afterwards decide
on one of the suggestions by majority voting. If no proposal receives a majority of votes,
the winning division is chosen by lottery to break the tie. The essential features are
that there is a definite end of the collective choice process and that no resources are
thrown away in case of disagreement.

There are a number of real world examples in which proposals are made sequentially
and voting takes place after all the offers are seen. For instance, in legislative bargaining
with simple open rules, agents are recognized sequentially for agenda setting and can
make proposals, knowing all proposals made so far. If an agent brings a set of proposals
to a vote and if a proposal passes, legislation ends [see Krehbiel (1991) for a survey
of such legislative organizations]. Moreover, many collective decisions in committees
in public or private organizations are governed by open sequential proposals which
are then brought to a majority vote. The lottery rule to break ties is somewhat less
common, although there are a number of real world substitutes which may be more
or less close to a lottery. In many instances, as it can be the case in legislatures the
chairman of a committee does not participate in the voting itself but has the right to
break ties. If his preferences are not known to the committee members, his tie-breaking
move can act as a lottery for the members.

We show that there exists an infinite number of subgame perfect equilibria which all
yield the same two outcomes. In both outcomes, the first player making a proposal
offers the whole cake to the second proposal maker, who in turn offers the whole cake
back to the first player. In one outcome, the third player offers half of the cake to the
first player and the rest to himself. This proposal will be chosen by a majority in the
voting stage. The second outcome is symmetric to the first one. The second player
gets half while the third player remains at the same share. Hence, in both outcomes
the cake will merely be divided among 2 players. Player 3 is always one of the two
players receiving half of the cake.

Player 3 is in a dominant position, because given any two of the former proposals, he
can decide, which proposal should get a majority, by making an adequate proposal by
himself. Since player 2 is aware of this, he tries always to construct his proposal in
that way, that player 3 chooses him as a partner, who gets more than player 1. Finally
this is the reason, why player 1 tries to hurt player 2 as much as possible by offering
the whole cake to player 2, because then the only chance how player 2 can counter this
proposal is to offer the whole cake to player 1 as well. The result of this competition
is a situation of symmetric disadvantages for players 1 and 2 and allows player 3 to
choose a partner at random. He is indifferent with whom to cooperate because he has
to offer both players the same utility that compensates one of them for a tie and draws
him into a coalition. Therefore, any mixed strategy of player 3 to offer half of the cake
to player 1 or 2 with some probability can be played in equilibrium.



2 Relation to the Literature

Majority rule and drawing lots are standard procedures to divide resources in collective
choice processes such as in legislatures or committees [e.g. Baron and Ferejohn (1989),
Bernholz and Breyer (1994)]. Hence, we are interested in the positive analysis what
division of resources we obtain in such cases. Our work is related to two strands of
literature. First, the division of resources has been studied under alternative collective
choice processes. Mueller (1978) examined the veto rule. In case of no agreement, the
resources are thrown away. Equilibria in such games show a strong tendency towards
equal shares for each individual. Our analysis is concerned with majority decisions
and takes a view that resources are not thrown away in case of disagreement, but are
subject to a tie-breaking procedure.

Second, in a dynamic context Baron and Ferejohn (1989) have examined the division of
resources by the majority rule. If no agreement is reached, players can continue to make
new proposals. The threat of delay and delay costs forces a division of resources which
depends on whether amendments to original proposals are possible before voting takes
place. The proposer receives disproportionate benefits and the number of recipients
of positive benefits is a bare majority, but can also exceed it. In our case, there is a
definite end of the collective choice process which forces players into an agreement or
into a tie-breaking procedure.



3 The Game

We consider a game among three players denoted by ¢,j or k£ = 1,2,3 who want to
divide a cake in the following way:

Firstly, in the proposal stage the players make sequentially open proposals about the
division of the cake.

1. Player 1 proposes a division of the cake to players 2 and 3 not knowing their
proposals.

2. Player 2 makes a second proposal knowing that of player 1.

3. Player 3 suggests a division knowing the offers of the two former players.

Secondly, in the voting stage the group selects one of these proposals! by majority
voting. An offer receiving 2 or 3 votes will be implemented. If no majority can be found,
thus if every proposal gets one vote,? the winning proposal is selected by drawing lots
and each proposal is selected with probability % Hence, the cake is either divided by
majority decisions or by drawing lots.

Note that without loss of generality the labelling of players and thus the sequence of
proposals by players is given exogenously.?

A proposal by player i is denoted by D; = (a;,as,a;3). Thereby a;, a;x and a3
denote the shares of the cake offered by player i to players 1, 2, and 3 respectively. The
resource constraint implies that Z?Zl a;; = 1, Vi. Thus after every player has made
his proposal, we have three proposals

D, = (a1, a12, a13)
D, = (a217 22, CL23)

D3 = (Cl31> as2, a33)

For simplicity of presentation, we rewrite the complete set of three proposals as the
matrix
ailr G2 a13
A= Qo1 Q22 0A23 (1)
as1 @32 0433

if convenient.

'Tf two proposals coincide, they are treated as one proposal.

2The omission of abstentions will be explained in the characterization of equilibria

3We could add a prestage in which the label of an agent is selected at random. Such an additional
stage would equalize expected utilities across players in case of identical utility functions. Since we
are focusing on actual resource divisions we will skip the prestage.



Every player is risk neutral and and individual j derives utility*
U: [O, 1] — [O, 1] ,U(aij) = Qi (2)

if the proposal D; is selected by majority voting. The expected utility u; for player j
in the case of drawing lots is then given by:

3
1 .
uj:§2aij,]:1,2,3 (3)
i=1

In many parts of the analysis, we need the relative quality of the offers made to the
specific players. Therefore we introduce the rank matrix R. In this matrix the best
offer (the biggest share of the cake) a;; for player j is labelled 3, the second best 2 and
the worst 1. The case if two or more offers are identical, they have the same rank. For
example the proposal matrices

0.3 02 05 0.3 0.6 0.1
A= 0107 02 |A4,={04 05 01 (4)
0.6 0.3 0.1 04 05 0.1

convert then into the rank matrices

2 1 3 13 3
Ri=(132|R=|323 (5)
32 1 32 3

Additionally we denote the biggest share a;; of the cake offered to player j with X},
the second biggest with Y; and the worst with Z;.

If we label the entries of R as r;; (i,j = 1,2,3), where r;; is the rank of player i‘s
proposal made to player j, the conversion function ®[A] = R is technically given by:

3
Oy = Z O(a;; — ax;) (6)
k=1
where O(p — q) (p,q € IR) is the Heavyside function given by:

I p—q=20
0 otherwise

@(P—Q):{

4Since all players are identical, we drop the index at the utility function.



4 Voting Equilibria and Proposal Making

In this section, we derive first the voting equilibria, given a set of proposals. The
voting strategy of player i is to select one proposal.” We first note the concept of
Nash equilibrium is insufficient for voting games with non-unanimity voting rules as
it can entail players using weakly dominated strategies. For that purpose we use the
following refinements and tie-breaking rules (for cases of indifference between payoffs)
which hold throughout the paper.

4.1 Refinements

Refinement 1
A Nash equilibrium of the voting game has to be trembling hand perfect.®

Trembling hand perfection has two immediate consequences.

Lemma 1
Suppose that refinement 1 holds. Then

(i) A player never votes for the least favorable proposal made to him, i.e. a proposal
labeled 1 in the rank matrix.

(ii) In any Nash equilibrium where agents ¢ and j (i # j) vote for the same proposal,
agent k (k # i, j) votes for his best proposal.

The elimination of weakly dominated is standard. The second property also follows
directly from the definition of trembling hand perfection as any error of players ¢ or j
leads either to a tie-break or a majority win of the best proposal of voter :.

The next refinement eliminates voting equilibria that are payoff dominated.

Refinement 2
If only one proposal includes 2 maxima, it is the unique equilibrium.

This property follows from payoff dominance (see Fudenberg and Tirole 1992). A
proposal with 2 maxima for say individuals ¢ and j is a Nash equilibrium supported
by the votes of ¢ and j. Any other possible Nash equilibrium is worse off for i and j
and hence payoff dominated for the coalition {i, j}.

Even if both refinements are applied, we will have multiple equilibria. For that purpose,
we use the notion of correlated equilibria with public randomization introduced by
Aumann (1974) (see e.g. Myerson 1991 for discussion). This concept assumes that
voters engage in preplay communication and use a coordination device in order to settle

5Allowing abstention does not change the voting equilibria. Abstention is weakly dominated by
voting for the best proposal for player i.
6See Selten (1975) for the original formalization and Fudenberg and Tirole (1992) for a survey.



on a particular equilibrium. Such a device is a publicly observable random variable
which agents use to determine which equilibrium should be played. For instance, agents
may flip a coin or a mediator announces the outcome of the randomization process.

This is illustrated in the following example:

0.6 0.0 04 31 2
A= 04 01 05 | —R=[2 23 (8)
02 0.8 0.0 131

In this case D; and D, are equilibria and Player 1 and Player 3 prefer their second
best offer to a tie-break. Furthermore these proposals contain the first and second best
offer of Player 1 and Player 3. Therefore, we assume that Player 1 and Player 3 play a
correlated strategy. With probability p; = % both play D; and with py = % they play
DQ.

Accordingly we use the concept of correlated equilibria:

Refinement 3

A correlated equilibrium arises if two proposals D;, D; (i # j, i,j = 1,2,3) are
equilibria and they contain the best and second best offer of the same two players. In
the correlated equilibrium both players will under consideration vote with probability
% for D; or D;. The expected payoffs for all players are then given by C;; = %(DZ +D;).

We note that correlated equilibria cannot be used in particular cases, when two equi-
libria occur, i.e.:

0.0 0.5 0.4 131
A=|04 01 05| —R=|31 2 (9)
0.1 0.3 0.6 2 2 3

Now Dy and D3 are equilibria, but Player 2, who is needed for the majority of Ds, has
no incentive to establish a coordination for Dy and D3, because D3 contains his second
best and D5 his worst offer. Two these cases are handled is discussed in subsection 4.3.

4.2 Tie-breaking rules

In this subsection we introduce some tie-breaking rules which simplify the exposition.
Since agents maximize the expected share of the cake they receive, there is only one
possible motive for an agent to deviate from voting for the best proposal and vote
for the second best offer instead: He cannot establish a majority of votes for his best
proposal, but the player prefers his second best offer to a tie-break. To illustrate this
case, consider the following example involving the proposal matrix

0.7 0.0 0.3 31 2
A=05 05 00 | —R=[ 2 3 1 (10)
0.0 0.1 0.9 12 3



Because of the refinement 1 player 2 votes for Dy and player 3 for D3. D, favored
by player 1, has, thus, no chance to become elected, but Y; = % is greater than
Uy = %(1—70 + % +0) = %, his expected share in case of drawing lots. Player 1, therefore,
votes for Dy together with player 2 in order to avoid a tie-break decision. The case,
when the payoffs of the second-best offer and drawing lots coincide, is resolved in the

following tie-breaking rule:

Tie-Break Rule 1
All players prefer their second best bid to drawing lots if Y; = u;.

Note that “prefer” in tie-breaking rule 1 means that player ¢ will avoid drawing lots, if
he is indifferent between his second best proposal and drawing lots. The tie-breaking
rule means that player ¢ will vote for his best proposal, if it receives a majority or he
will vote for the second-best proposal. The tie-breaking rule immediately implies

Lemma 2
Suppose that there exists at least one voting equilibrium where a majority is formed.
Then, drawing lots will not occur as an equilibrium.

To formulate the next tie-breaking rule, we denote an equilibrium as a single proposal
equilibrium, if a single proposal is selected. A single proposal equilibrium necessarily
requires, that pure voting strategies are played and a majority supports on proposal.

Tie-Break Rule 2
A player prefers a single proposal equilibrium to a correlated equilibrium and a corre-
lated equilibrium to drawing lots, if the payoffs coincide.

4.3 Proposal Making

Having characterized the structure of voting equilibria, we turn to proposal making.
To formulate the proposal making stage, we face two problems:

Firstly multiple voting equilibria may still exists (i.e. see the proposal matrix in equa-
tion 9). Secondly players may be indifferent between several proposals (i.e. player
3 is always indifferent between at least two proposals, if D; = (aj1,1 — a31,0) and
D2 = (1 —dai1,011, 0))

Addressing the first point, we introduce another refinement:

Refinement 4

Given the proposals Dy and D, player 3 makes his proposal such, that the proposal
matrix A exhibits a single proposal equilibrium, a correlated equilibrium or an equi-
librium with drawing lots.”

This refinement ensures, that payoffs in the voting stage are well-defined. This can be
justified by aversion against strategic uncertainty.

"We will show, that this is always possible for player 3 (see proof of the overall equilibrium).



The second point is handled by an additional tie-breaking rule

Tie-Break Rule 3

If player i is indifferent between making several proposals, every proposal is submitted
with the same probability.

4.4 The Structure of Voting Equilibria

After these preparations, we provide an overview about the structure of voting equi-
libria. We start with calculating equilibria in two examples for. For that purpose we
extend the conversion of the proposal matrix A into the rank matrix R, since often it is
necessary to distinguish, whether it is possible for a player to deviate to his second-best
proposal or not. This is done by introducing the rank 2%, if any Y; > u; (j = 1,2, 3).
If we consider the example given in (10), we get

0.7 0.0 0.3 3 1 2
A= 050500 | —R=[2 31 (11)
0.0 0.1 0.9 1 2 3

For calculating the equilibria we ask, when player ¢ is deviating given the votes of
players j and k (i # j # k). If player i is not deviating his payoff is underlined.

Py — D, Py — Dy Py — Ds
P. P: P.
S0 Dy | Dy | Da| % Dy | Dy | Ds| % Dy | Dy | Ds
0.7 0.7 0.7 0.7 05 0.4 0.7 04 0.0
D, 0.0 0.0 0.0 D, 0.0 0.5 0.2 D, 0.0 0.2 0.1
0.3 0.3 0.3 0.3 0.0 0.4 0.3 0.4 0.9)
0.7 05 0.4 05 05 05 0.4 05 0.0
Dy 00 0.5 0.2 Dy o5 0.5 0.5 Dyl 02 0.5 0.1
0.3 0.0 0.4 0.0 0.0 0.0 0.4 0.0 0.9)
0.7 04 0.0 0.4 05 0.0 0.0 0.0 0.0
D3 0.0 0.2 0.1 D3 0.2 0.5 0.1 D3 0.1 0.1 0.1
0.3 0.4 0.9 0.4 0.0 0.9 0.9 0.9 0.9

In this case only the equilibrium voting scheme is

Pl — D2
P, — Dy » = D, is chosen (12)
P3 — D3

We see, that these calculations can be done, by just concerning the extended rank
matrix. For that purpose, we look at the example given in (8). We get the extended
rank matrix

0.6 0.0 04 301 2
A= 04 01 05 | —R=1[ 2 2 3 (13)
02 0.8 0.0 1 31

an end up with



P. P P
Py J Dl D2 D3 Py J Dl D2 D3 Py ’ Dl D2 D3
13 1B 13 3 2% T 3 T 1
D] 1 1 D] 1 2 T D] 1 T 3
2% 2% 2% 2% 3 T 2% T 1
I3 ¥ T 2% P ¥ T 2% 1
Dol 1 2 T Dyl 2 2 2 Dsy| T 2 3
2% 3 T 3 3 3 T 3 1
13 T 1 T o* 1 1 1 1
D3| 1 T 3 Ds| T 2 3 D5l 3 3 3
2% T 1 T 3 1 1 1 1

Now two voting schemes are equilibria

P1 —>D1 Pl —)DQ
Py — D3 3 = D is chosen P, — D3 » = D5, is chosen (14)
Py — Dy P3 — Dy

Since in both voting schemes player 1 and 3 are forming the majority, these equilibria
are correlated.

In the following we describe the possible extended rank matrices and their equilibria.
When a single proposal equilibrium, an equilibrium with drawing lots or a correlated
arise, they are denoted by D}, C}; and L* respectively. The treated rank matrices R
are thereby to be understood as a representatives for a classes of matrices derivable by
interchanging rows and columns of R or exchanging two coefficients of the matrix.

For example

1 3 2
21 3
3 21
is amongst others a representative of
21 3 2 3 2
1 3 2 and 113
3 21 3 21

Furthermore we omit, when convenient, cases with X; # Y; = Z;, because they are
qualitatively equal to cases with X; # Y; # Z; A'Y; < u; and we use r;; = 2() if the
conversion of a;; in 2 or 2* does not change the equilibrium outcome.

1. Dy = Dy = D3 — R shrinks to a (3 x 1) matrix and we have
(3 33)— Di (15)
2. Dy # Dy = D3 — R shrinks to a (3 x 2) matrix and we have
33 2 D; 33 2 .
<32 3)_*{D; (2 23)_HD1 (16)

3. Dy # Dy # Dy



(a) Xlz}/l:Zl/\XQ#Y'Q#ZQ/\Xg#}/g#Zg

3
3
3

3 1
2(x) 9
1 3

(C) Xlz}/l#21/\X2:§/27éZ2/\X3

31 3
3 31 —>{*
1 3 20 D;

(d) Xlzyl#zl/\Xg#ifg#Zz/\Xg

31 3 .
33 1 _>{ gi
1 200 9% 2
31 20

3 20 1 — D
1 3 3

) _>{ Dy

D3

(@ Xi #Vi# L NXo# Yo # Zy N Xs #Ys # Zs
i. Doublemax:=(3r;; =rp =3 j#k i,j,ke{1,23})

2(%)

3

2

2
209 3 | — Dz
1

. Y1 <up AYs <wuy A Ys <wus A no Doublemax

1
2
3
. Y12 up A Yo <ug A Yz <us

1
2*
3

10

> o= W

3
1
2

2
3
1

no

=W N

Doublemax

— D5

Dy

# Y3 # Z3
3 1 20 i
33 1 _>{gg
13 3 3

# Y3 # Z3

(17)

(18)

(19)

(20)

(21)

(22)

(23)



iv. Y1 > u; A Yy >us A Yz <uz A no Doublemax

1 3 2 D 1 1 3

2* 1 3 — { Di 2* 3 2 — C5

3 2 1 3 3 2 1

(24)

1 3 1

3 1 2 — Dj

2* 2% 3

v. Y1 > u; A Yy >us A Ys > us A no Doublemax

1 3 2* D3 1 1 3
2* 1 3 — D3 2* 3 2* — (5, (25)
3 21 D; 3 201

11



5 Division of the Cake

In this section, we derive the overall equilibrium of the game. For that purpose we have
to compare the expected payoffs of the different players making different proposals.
Therefore we denote the expected payoff of player i by m; (i = 1,2, 3).

5.1 Overall Equilibrium

The solution of the game is given by the following theorem:

Theorem 1
There exist two overall equilibria of the game:

D1 = (0, 1, O) D1 - (0, 1, O)
D: = (1,0,0) or Dy = (1,0,0) (26)
D3 = (%707%) D3 = (07%7%)

where D3 = (%, 0, %) is a single proposal equilibrium supported by player 1 and 3 and
D3 = (0,1 1) is a single proposal equilibrium supported by player 2 and 3. Since player

) 999
3 is indifferent between Ds = (3,0, 1) and D3 = (0, 3, 3) he makes each proposal with
probability % (Tie-Break Rule 3). This implies for the payoffs
1 1 1
™ = 1 g = 4 Ty = 5

The proof of the theorem follows directly from corollary 1 and propositions 5 and 6
given in subsections 5.3, 5.4 and 5.5.

This theorem can be motivated as follows. If player 1 makes any proposal D; # (0, 1,0)

player 2 counters this with a proposal Dy such that m is less than 1. But with

1
proposing D; = (0,1,0) player 1 makes player 2 so unattractive that any counter
proposal Dy # (1,0,0) will give player 2 a payoff 7y less than 1. This implies, that in

the end the cake is divided half-by-half between player 1 and 3 or player 2 and 3.

5.2 Strategy of the Proof

We proof theorem 1 by backward induction. This is illustrated in the following steps:

Step 1: We determine the best reaction of player 1, given any D; and Dy and cal-
culate the minimum payoff w3 given specific relations between D; and Ds.

Step 2: Given D; # (0,1,0) we determine a proposal Dy giving player 2 a payoff o,
such that together with the minimum payoff 73 of player 3 from step 1 the
resource constraint implies m < 411 for player 1.

Step 3: Given D; = (0,1,0), we calculate the payoff my, if player 2 makes any
proposal Dy # (1,0,0) and compare this with his payoff mo while making
D2 = (]., 0, 0)

12



5.3 Strategy of Player 3

Given Dy, Dy Player 3 has the ambition to maximize his share of the cake by making
an appropriate proposal Dj.

Generally player 3 considers four possible equilibrium outcomes while constructing his
proposal D3, given D; and Ds.
[: Ds is a single proposal equilibrium.
II: Dy or D, is a single proposal equilibrium.
ITI: A correlated equilibrium arises.
VI: The cake is divided by drawing lots.

Without a proof, we give examples, where the different construction principles (I-IV)
are best reactions of player 3:

I g; _ 28?7) 8:;’: 8:(2); } — Dy = (0.0,0.4,0.6) — D
17 g; - Egzé: 8:2: 8:3; } — Dy = (1.0,0.0,0.0) — D}
T gi - 282 8? 8;; } — Dy = (0.2,0.0,0.8) — Cy
v g;igéﬁiﬁﬁg}:¢03:m0m7+gg3—@ —

with € > 0 and infinitesimally small.

Which kind of the equilibrium outcome I-IV player 3 prefers, depends strongly on the
relations between the proposals D; and D, characterized by the submatrix a of the
proposal matrix A, which is defined by

a 413 a a
11 12
A= Q93 — a= (27)
a21 A2
31 Aazz ass

and the corresponding rank matrix p which is calculated from a in a similar way as the
R from A:

P11 P12
p=¢la] =
P21 P22
8In this case we have an continuum of best proposals D3 = (as1, a3z, 1 —as; —asz) with az; € (0.9,1]
and agy € [O, 1-— (131].

13



where ¢ is defined similar to ® (see (6)), with
2
¢:py =) Olay —ay) (28)
k=1

The relevance of a and p will be shown in the proofs of the following propositions and
corollaries.

Proposition 1
Given Dy and Dy and p is symmetric = determining the best reaction of player 3
implies T3 > %

Corollary 1

Given Dy = (0,1,0) and Dy = (1,0,0) = player 3‘s best proposal is D3 = (0, %, %) or

Ds = (3,0, %), which implies m; = my = § and m3 = 3.

Proposition 2 00 L

Given Dy, Dy, a # ( 101 ) V < 8 (2) ) and p is non-symmetric = determining the
2 2

best reaction of player 3 implies w3 > %1.

Corollary 2 0 0 11

Given a = ( 11 )\/( 6 6 ) = player 3‘s best proposal is D3 = (%—l—ﬁ,%,i—ﬁ)
2 2

or D3 = (3,3 + €, 1 — €) which implies 1 =7 = = + < and m3 = £ — §.

(The proofs are given in the appendix)

5.4 Strategy of Player 2

In this section, we analyze possible reactions of player 2 given D; and given the derived
reaction of player 3 in section 5.3.

For that purpose, we divide the proposal set of D; given by:
P = {(CLH, Glg)KCZH, alg) € [O, 1] X [0, 1-— &11]} (29)

into four subsets:

B = [0,3] x[0,1—au]\(0,1)

(30)
¢ = [53)x[53)
D+ = (0,1)

14



Proposition 3
vV Dy € AU B 3 a proposal D3 of player 2, such that p is symmetric and my > g.

Corollary 3
If for D; € AU B 3 a proposal Dy* of player 2, such that p is non-symmetric and

T (D) > mo(D3) = ma(D5*) > 1 or m(Dj) < 1.

Proposition 4
V Dy € C 3 a proposal D3y* of player 2, such that p is non-symmetric and 7o >
the best proposal Dy with p non-symmetric for player 2 implies m; = 0.

or

N | =

Corollary 4
If for Dy € C 3 a proposal Dj of player 2, such that p is symmetric and mo(D3) >
WQ(DSS) — WQ(DS) > %

Proposition 5
The best reaction of player 2 given Dy = (0,1,0) is Dy = (1,0,0)

(The proofs are given in the appendix)

5.5 Strategy of Player 1

Since player 1 anticipates the reactions of players 2 and 3, we obtain the following
proposition:

Proposition 6
The best proposal of player 1 is D; = (0, 1,0).

Proof of proposition 6:

(i) Suppose Dy # (0,1,0) and Dy with p is symmetric is the best reaction of player 2

= g > % (proposition 1) and my > % (proposition 3 and corollary 3)
>§ 2§
= together with the resource constraint we obtain w4+ o+ Ta=1=m < %.

(ii) Suppose Dy # (0,1,0) and Dy with p is non-symmetric is the best reaction of
player 2
—> 73 > 1 (proposition® 2) and m > £ V m < 1 (corollary 3 and proposition 4)
Zl >l
—> together with the resource constraint we obtain m+ T+ m=1l=m < %,
or we have directly m > %1.

= (i) and (ii) together with corollary 1 and proposition 5 imply that D; = (0,1,0) is
the best proposal of player 1.

|
Note that neither Dy = (4, 3,0) is the best reaction of player 2 given Dy = (0,0,1) nor Dy =
(0,0, 1) is the best reaction of player 2 given D; = (%, %, ).

15



6 Discussion and Conclusion

We have examined a common collective choice process to study the allocation of re-
sources among a group of people. The analysis reveals that the first two agents want
to make each other as unattractive as possible when the third agent makes a proposal.
To do so they offer each other the whole cake and the third player can ensure that he
obtains one half of the cake.

This outcome exhibits a very powerful last mover advantage, whereas the other players
are forced to make strategic proposals involving zero resources for themselves that they
can expect one quarter of the cake. Additionally it seems surprisingly, that the first
player can totally outweigh the second mover advantage of the second player. How
these characteristics extend to group decisions with a larger number of individuals is
an important avenue of future research. Of course there are a variety of game-theoretic
considerations and alternative refinement concepts that can be examined. How robust
our main findings is with regard to such extensions remains to be explored.
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7 Appendix

We already mentioned that the specific relations between D; and D, are relevant for
the construction of the best reaction D3 given by 'r and a. Furthermore, we need a
more detailed specification of the relation between the entries of a. Therefore we define

pi = ylay+az)
Boo= max{p,po}
B = min{,ul 7#2}
xr; = max{ay;,as}
y; = min{ay;,as;}
z = min{x;,x}

7.1 Proof of Propositions 1 and 2 and Corollaries 1 and 2

Before we start, note that the best reaction Dj is not always unique (i.e. z7 = 29 Ay =
Yo or see footnote 8), but since we only want to determine the minimum share of the
cake of player 3, it is sufficient to give only one best reaction.

7.1.1 Proof of Proposition 1

There are three different possibilities for p to be symmetric:

w-(01) we(31) e-(31) W

For py we have D; = D, and the best proposal Dj is given by:

1. If Dy = (0,0,1) = Ds = (0,0, 1)
2. If D1 #(0,0,1) = D3 = (z+¢,0,1—x—¢)ifxy =z and D3 = (0,z+¢,1 —x—¢)

if z9 = .

For p; or py it is sufficient to analyze only p;, since the same arguments follow for py
by exchanging columns in matrix a.

For p; A is given by:

r1 Y2 Qi3 a3 =1—mx1 — 1
A= Y1 To Q23 with ag3 — 1-— T2 — U1 (32)
as; asy ass azz = 1 —az; — as
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In order to calculate the best reaction of player 3, the following properties of a are
relevant:

(i) vi > as > 2y, —x; = () =3, P(y;) =2, P(as;) =1

With these properties, we distinguish six different kinds of proposals D3, which will be
discussed in detail below:

Dy DY D Df  D§r D

Dgﬂ: Player 3 offers player 1 or 2 p and the rest to himself, such that D3 is a unique
equilibrium and he receives a payoff m3 =1 — p (i.e):

T Y2 Q13 3 21
Y1 Ty Qg — | 1 3 2 (33)
w0 1—p 21 3

DX Player 3 offers player 1 or 2 7z and the rest to himself, such that D3 is a unique
equilibrium and he receives a payoff m3 =1 — 7 (i.e):

T1 Y2 Q13 3 2 1
Y1 Ty Qo3 — | 2 3 2 (34)
0 @ 1-7 1 2% 3

DE: Player 3 offers player ¢ as; = p;, player j as; = 2y; — x; + € and the rest to
himself, such that D3 is a unique equilibrium and he receives a payoff w3 =
1— (i +2y; —xj+e€) (i, =1,2 0 # j and 2y; —z; > 0) (ie):

T Yo a3 3 2 1
Y1 T2 a23 — 1 3 2 (35)
pr 2ys —xo+€ 1 — (g +2ys — x2 +¢€) 21 3

D3 Player 3 offers player 1 or 2 z and the rest to himself, such that Ds is a unique
equilibrium and he receives a payoff 73 =1 — z (i.e):

T1 Y2 o Qi3 3 2 1
Y1 T2 923 e 2 3 2 (36)
z 0 1—2z 3 1 3
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DS°r: Player 3 offers player i as; = p;, player j

2 —xj+e it 2y; —x; >0 . .
agj:{ Jimdpme Yj— g = (Za]:17227é.7)

and the rest to himself, such that Ds is part of the correlated equilibrium and he
receives a payoff

3= (it 2y — ) +etag) i 2y —2; 20
3 % (1 — s + as) otherwise

0 otherwise

(i, = 1,2 # j)

(i.e):

T Y2 a13 3 2 2¢
n T ao3 — 1 3 1 (37)
1 2ys —xa+€ 1 — (up 4 2ys — x2 +¢€) 2* 1 3

DE: Player 3 offers both other players

=90 otherwise

. (El, €9 > (0 and
(i=1,2) infinitesimally small)

and the rest to himself, such that the proposal is selected by drawing lots and he
receives a payoff

1— (i 4ye) — e +e) if 2y—2,>0 (i=1,2)

. 2y, —x; > 0 o .,
— —l . . . t L= —
my=q 1=3@y+z+y+e if { oy — ;<0 (DI =L2i7])

1-— %(wl + xo + Y1 + Yo) otherwise

(i.e):

T Yo ais 3 2 1
A1 X2 23 — 2 3 2 (38)
1 1 3

0 2y2—:1:2—|—62 1—(2y2—$2+62)

Note that constructing D3 such that D, or Dy are unique equilibria or D; and Dy
form a correlated equilibrium can never be better than D3, since 1 —z > a;3 (i = 1,2)
and offering D5 is always possible for player 3 if p symmetric. This ensures, that

refinement 4 can always be satisfies and players 3’s best reaction is an element of
{D5, D§, Dy', D3, DS, Df'}

In order to maximize w3 we calculate the feasible sets of the different proposals, since
their feasibility depends on the relation between the a;3 (i = 1,2,3) and compare the
different payoffs if they intersect.

While comparing payofts, we often use principle of the proof with contradiction. There-

fore we introduce the sign % to indicate a conclusion, which is contradicting the
assumptions.
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Since every feasible set is bounded by linear inequalities we can calculate min{ms} given
the best reaction of player 3 by a simplex algorithm.°

1. D

Constraints for D3E to be the best proposal of player 3:

L. P S o
2. 2y2 < X9
3. a;3 S Q53 } .. . .
=1,2
4. 1—,[L1—|—(12'3 > 2(1,j3 bJ ’ Z#j
e Drawing lots versus D5:
a13 a23 ags™®
max _ 104 5 N h S )
T (G e 2 (39)
pl<pin
< 1—2(m+y) <1—j(m+uy)=1-p=as(Ds)
e Correlated Equilibrium versus Dj:
1—p>3(1—p+as),i=12
e Simplex minimization for player 3:
min [ HE
Ty (D3) = % (40)

Example: A =

2. DY

[T g‘w g‘\l
=) 5‘\1 5‘10:
o

N= O

Constraints for DY to be the best proposal of player 3 (w.l.o.g g = 7i):

big=12i#]

1. 2y > 19
2. 2y1 <
3. o <X

4. a;z < a3
5. I —ps+az > 2a
6. | p1 +2y2 — w2 = o
To| p+2y2 —w0 > po

10T his minimization is done by Maple. Since the constraints are linear, there exists a finite algorithm
to calculate the extremas, which are in the corners of the 4-dimensional hyper-polyeder. Furthermore
the number does not exceed 30, so that the problem has less than 100000 corners, which can be

checked with a computer within some seconds.
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e Drawing lots versus DY

ais a23

max
ass

We have

uz' = %(i—xl—y;—l—,l—xQ—yl—i-l—Zyg—xg)
= 1—2(z1+uy) — v
o<z 2y2>x2
r+y > s tye) = S(me— )

3

1 1
= 1o t+y) —ge) S1- (w2 + )

S/

T
max
Uz

e Correlated Equilibrium versus D5

~

asz(DF)

Suppose 73(Correlated equilibrium) > ag3(Df) =

max
3

(Correlated equilibrium)

1
—(1—u1+1—x1—y2)>1—,u2:— $1)>2—ZL‘2 %
2 —_——

7\ a33 (Dsﬁ)

N —N— 1
2

e Simplex minimization for player 3:

mn(DF) =

%76 %+6 0
e Example A= | 2+ 3-c o
o 7 3
Hi
. D!

(y1 —

<0

3

7

>0

(42)

(44)

Constraints for D4 to be the best proposal of player 3 (w.l.0.g. we consider only
the constraints for D§"):

(i)

fig=12i#]

1. 20 > 1

2. 2y1 < I

3. H1 + 2y2 — Ty < X

4. 1+ 2y — 9 < o

0. a;z < a3

6. | 1— (ul + 2y2 — I9 + 6) + a;3 > 2aj3
(i)

1. 2y1 > T

2. 2yp > I

3. M1+ 2y2 — Ty < X

4| +2y—22 < po+2y —x
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e Drawing lots versus D4":

For constraint set (i) the same argumentation as in D4 holds and for con-
straint set (ii) we have:

max

a3 a3 433
uzy™ = %(’1—%—yz+,1—I2—yI+r1—291+$1—6—292+$2—€/)
= 1—(y1+y2) — 5(e+€)
(45)
and
2y1 21
2y2>x2
nty =2z =
1 H1+2y2—z2<z
1—(y1+y2)—§(6+€‘)<1—£ < 1= (i +2ys — a2+ ¢)
h ug?fa;c g a33(£§1)
(e <z — (1 + 2y — )
(46)
e Correlated Equilibrium versus DY’
(a) For constraint set (i) we have py > py + 2y, —
(b) For constraint set (i) we have us + 2y — x1 > py + 2ys — @9
e Simplex minimization for player 3:
min 1% 3
(D) > (47)
' 3 35 % ) §r2e  §ote 2
e Examples (¢ <e): AD =1 2z = o | AW = 3 3 0
% % 3 %-‘re %—86-&»6/ %+7€—€/

4. DY
Constraints for D3 to be the best proposal of player 3:

L. 2y > Ty

2. 2 < 1

3. Ho =2 T

4. |y +2ys — 20 > =z

e Drawing lots versus Ds:
aj3<l-z
i 1 a13<l—z z
ug et = g(alg tap+1l—(m+2p—a+e) < ap(Ds)
(133E’D§)
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e Correlated Equilibrium versus Dj:
For a correlated Equilibrium, we need py = p. Otherwise it could not be
better than D3, since 1 — p; is part of the correlated payoff of player 3 and
= <1l-uz
Additionally we need the following Rank-Matrix:

1 Yo l—o1— 1 3 28 2
Y1 T2 1-— Y1 — T e 1 3 1 (48)
pwr 0 11— 221 3
This implies the following three conditions, for the existence of a correlated
equilibrium:
(a) p1 < po

(b) Aoz < Q13
(€) 1— 1+ ass < 2a13
Two cases are possible z1 =x Vs, =2

(a) Suppose 1 =z =

1-— M1+ agz < 2013 < 311 + 4y2 < 3y1 + 225 and

2y2>x2
2y < 11 &= 3x1 + 4y, > 6y; +4y. > 6y; + 229 > 3y; + 229 %
(A9)

(b) Suppose r3 = x = p is not symmetric anymore

e Simplex minimization for player 3:

w (D)) > (50)
2 2te 0
o Example: AD = | 2110 3.5 1
3¢ 0 3te
(i)

1. 209 > @9
2. 27 < a1
3. e <z
4. 1+ 2ys — T2 > o
9. aiz < Q93
6. 1-— j2%) + a3 S 2@23
T30 —patay) < 1-z

(a13 > agg not possible)
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Suppose a3 > ass = condition 6. converts to 1 — ps + ag3 < 2a13 =

p2<p1+2y2—x2
dry —y1 4 3y2 < 3wy < 21+ 1+ 3y = 311 < 24 (51)
e Drawing lots versus D5
If (1 = z) constraint (4.) fails and if (zo2 = z) the additionally needed
constraint (1 — (2y2 — 2) + a13 + ag3) > 1 — z fails.
e Correlated equilibrium versus Ds:
For D3 = (ag1,0,1 — ag;) we need for a correlated equilibrium to be possible

1 Y2 1—2x1—yo 3 28 2
Y1 Ta 1— Y1 — T e 1 3 1 (52)
azg; 0 I —as 2* 1 3

and a3 < a13, which 1mphes 1 — ag; + asz < 2a;3.

Suppose 1 — as; + ags < 2a13 = a31 > 2x1 — Y1 + 2Y2 — X9 %
—_——— SN —

>xq >0
e Simplex minimization for player 3:
(D (i) = (53)
$ 3 o0
e Example: AW = | 1 4 5
2 0 3
(iii)
L. 2y = 19
2. 27, < 1
3. 1 +2ys —x9 < T
4. p1+ 2Y2 —x2 < o
D. a3 < Q23
6. I— (14 2y2 —22) + a1z < 2as3
7. s —pptag) < 1-z
8. 1— (2y2 — 1'2) + a3 > 2a93
9. s(1—(yo—w2) tas+ta) < 1—z

(a3 < a3 is not possible.)

Suppose a3 < a;3 = condition 6. converts to 1 — (3 + 2yo — x2) + agz < 2a13
= 1 < Y.

(iv)

L. 20 > 19
2. 2. > 13
3| p1+2y—w2 = x
4l po+2yy—oy > x
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5. DS
(a)

(b)

()

1. 200 < @

2. 2 < @

3. a3 < aj3

4. 1-— 1% + a;3 < 2aj3 .o . .
= 1,7=1,21

5 I0—futas) < 1-z| [ 7

6. | s(1+aztagy) < 1-z

Drawing lots versus Ds:

For the constraint set (iii) the same argumentation as for constraint set (i)
of D4 holds. For the constraint set (iv) uf*** < 1 — z follows directly from
constraints 3. and 4..

Correlated equilibrium versus Dj:

For the constraint set (iii) the same argumentation holds as for constraint
sets (i) and (ii) of D5. For the constraint set (iv)

75" (Correlated equilibrium) < 1 — z follows directly from constraints 3.
and 4..

Simplex minimization for player 3:

RP(DG) = 5 AP(DE(v) = 5 mT(DIW) > S (54)

5 3 0 5 3 0
(i) T ) S o
. W) 5 o v)
Examples: A" =1 1 3 2z | AW =13 3 o
g o & g o &
%*36 %Jre %Jrs
AW = | 25 5
43¢ 0 243¢

Constraints as in D3 set (ii) and constraint (7.) reversed:
7. %(1—,&24—@23) > 1—&

Constraints as in D3 set (iii) and constraint (7.) reversed:
7. 2(1 = (p2 + as3) > 1 — z and constraint (9.) replaced by
9’. %(1 — (2y2 — LUQ) + ais -+ CL23) S %(1 — M2 -+ a23)
Constraints as in D3 set (vi) and constraint (5.) reversed:
5’%(1 — Ui + (ljg) >1—2x

and constraint (6.) replaced by

6. %(1 + a13 + ags) < 3(1 — ps + aj3)

(That (a) is better than drawing lots for player 3 follows from the same argu-
mentation as in constraint set (ii) of D5)
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6. DL

(a) Constraints as in D3 set (iii) and constraint (9.) reversed:
9. 21— (2yp —x2) + a3+ ass) >1—z
and constraint (7.) replaced by
7. %(1 — (2y2 — x2) + a1z + asgs) > %(1 — o + as3)

(b) Constraints as in D3 set (vi) and constraint (6.) reversed:
6.5(1+a3+a)>1—z
and constraint (5.) replaced by
5. 3(1+ a13 4 ass) > 5(1 — p; + aj3)

Since the minimum payoff of D is given by m§y""(D3) = % and the constraints for
D" and D% directly imply that 73(D5") > 1 — 2z and w3(D%) > 1 — z we obtain
win(Dg) > & wpn(DE) > &,

Altogether we obtain

O‘E{D:aﬁngvDI?},%%Dg”,D?f}{ﬂg(a)} - P syréllrlrgtric{wg} - g (55)

7.1.2 Proof of Corollary 1

Given a = (1) (1) ) the constraints of D3E hold with p; = py = p = 5, which implies
that Ds = (3,0,3) or D3 = (0, 3, 3) are the best reaction of player 3 resulting in the
payoffs m = my = }l and w3 = %
|
We also obtain the following corollary, which will be used later on:
Corollary 5
Given symmetric p = my > z iff DS" or DY is the best reaction of player 3.
7.1.3 Proof of Proposition 2
There exist six possibilities for p to be non symmetric:
o 11 2 2
o= \22) P 711
(56)

o 1 2 o 2 1 o 92 9 o 9 9
P =\ o o) P¥ 99 ) P Tlao 1) P T 1 9
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In the following we treat only p}?, since any other case arises by interchanging rows
and observing that for p%?. nothing changes qualitatively. For pi* A is given by:

Y1 Y2 a3 a3 =1—y1 —
A = T To A93 923 — 1-— Tr1 — T2 (57)
a3; asz2 a33 as3 =1 —az; — asm

Firstly, we observe, that player 3 has to offer at least player ¢ more than z; to gain
more than m3 = 1 — 21 — x5, because otherwise Dy contains two maximum shares and
is a single proposal equilibrium.!!

As in the proof of proposition 1 we look for the best offer D3 and see that the following
properties of a are relevant:

o 1>az >2x; —y = P(x;) =2, P(y;) =1, P(az) =3
oy > ag > 2y —T; = CI)(I‘Z) =3, (I)(yz) =2, (I)(CLSi) =1

With these properties, we can distinguish four different kinds of proposals Ds3, which
will be discussed in detail below:

D D3 D DY

1. D¥

Player 3 offers player 1 or 2 x 4 € and the rest to himself, such that Ds is a single
proposal equilibrium and he receives a payoff 713 =1 —z — € (i.e):

Y Y2 a3 1 21 1 2 3
T ) 923 S 2 3 2 V 2 3 1 (58)
x+e 0 1—x—c¢ 3 1 3 3 1 2F

2. D

Player 3 offers player ¢ 2z; — y; + € and the rest to himself, such that D; is a
single proposal equilibrium and he receives a payoff m3 =1 — y; — y» (i.e):

Y1 Y2 a13 1 27 3
Ty Tg ass — | 2 3 2 (59)
2y —y1+e 0 1—(2x; —y; +e) 3 1 1

3. D3
Player 3 offers player i 2x; — y; + € (¢ € {1,2})and the rest to himself, such that
Dj is a single proposal equilibrium and he receives a payoff 73 = 1 — (22; —y; +¢)
(i.e):

(1 Y2 a3 12 3
T1 ) 923 — 2 3 1 (60)
201 —y1+e 0 1— 2z —y1 +e) 31 2%

HTf player 3 offers player 1 only @y Dy is still the only proposal with two maxima or Dy and Dj
are both voting equilibria, but not correlated.
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4. DY
Player 3 offers player i 2x; — y; + € and the rest to himself, such that the voting

stage leads to a tie-break decision and he receives a payoff payoff 73 = %(1 —
(21'1 — U + 6) + a13 + (123) (1e)

1 Y2 a3
T X2 23 —
2r1 —y1+€e 0 1— (221 —y1 +e)

(61)

W N =
— W N
N = W

1. D¥

Constraints for D%é to be the best proposal of player 3:
(i)

Llyity > z

. 2y, < 1
3. 2y2 < T9

Since player 3 needs to offer at least player i az; = x + € to prevent Dy to be a
single proposal equilibrium and 1 — z + € > a;3 i = 1,2, D5 is better than all
other proposals.

e Simplex minimization for player 3:

min € 1
m3"" (D3 ) > 3 (62)
e Example:
) %—35 %-&-e %+2€
A(Z) = L—de L+ae 0 € < e
%746#»5/ 0 %4’4676/
o
2- D3

Constraints for Df to be the best proposal of player 3:

Ll mi+y < =z

2. 2y, > x } . .,
=12

3. 21']' — Y < 1 b 2t 7£ J

Since m3 = 1 —y; — ¥ is only € worse than the payoff of D%e, D3 is the best offer.
e Simplex minimization for player 3:

i (Dg) = 3 (63)

— 2
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e Example:

o N

A:

O N= R
L e N

3. D3
Constraints for Df to be the best proposal of player 3:

(i)

L. Y1+Y <z
2. 2y1 < T
3. 2y2 < To
1=1,2
5. 11— (2371 — Y + 6) Z %(043 + CL23) 2 ( )
(i)

L. Y1ty <z
3. 2y =
5. 2Ij -y < 1

1,7=1,21
71— Qv —y;+e) > %(als + as3) J 7

Since in a tie-break decision player 3 cannot gain more than £ (a3 + ags) — € and
D%E and DY are not an option, D3 is the best proposal.

e Simplex minimization for player 3:

Ty (D3) > (64)
e Examples (¢' < §):
EONE U R 0 yte  §e
A(i) = e 1-c 0 A(ii) 1 ] 0
0 3ot Lted 0 Z-etd  Lie-d

1. DF
Constraints for DL° to be the best proposal of player 3:

(1)

L. Y1+ <z

2. 23/1 < I

3. 2y2 < X9

5. | 1— (21'7, —Y; + 6) < %(alg + CL23) . . .
6. 1—(2.70]-—3/]-—1—6) < %(CL13+&23) }Z7j_17227£]
7. 1— 2z —y;) < 1—(2xi—y)

121f 22, —y; < 1 and 1—(2x; —y; +¢€) hold simultaneously for i = 1,2, player 3 chooses min;—; »{2z; —
yi}
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(ii) i, j=1,21#j
L. ity < oz
2. 2, < xy
3. u: > xs . . .
1. 2xj—zj- <1 }”21’227&‘7
6. | 1— (21['] — Y + 6) < %(alg -+ CL23)

Since all other kinds of proposals are excluded DZ* is the best proposal.

e Simplex minimization for player 3:

min 3 1
T (Dy) > 1
e Examples (e > ¢'):
b e e o § 3
A O A=y 3
0 %76+6/ 1+€7€l 0 %+e %75

If we calculate the feasible set of (Di U DU D3 U DE) we obtain

L] yitye < z
2. Q’yl < X9
3. 2y2 < X9
5. 2.7)1 — U1 Z 1
6. | 209 —yo > 1

is missing. The only combination of (D;, Ds) to fulfill this is given by

0 0 1
A=| 1 1 0

31 Aaz2 G33

This is also the submatrix a, which is excluded in proposition 2.

11
Altogether we obtain for a # ( (1) (1) ) Va # ( 2 2 )

5 3 0 0
: : 1
min = min  {m3} > -
(XE{D%E ,Dg,Dg,D? } p non-symmetric 4

30
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7.1.4 Proof of Corollary 2

0
1

W.o.l.g we assume a = ( — player 3 must offer player ¢ at least az; = p; and

= O

2

player j at least as; = x; + € (4,7 = 1,24 # j) in order to avoid that D, is a single

proposal equilibrium with 73 = 0. = D3 = (i, % + €, % —€)or D3 = (% + e, }L,% —€)

with the correlated equilibrium Cy; is the best reaction of player 3 resulting in the
1 €

_ _ T € o
payOHSWl—WQ—E+Zal’ldﬂ'g—g—i.

7.2 Proof of propositions 3, 4 and 5 and of corollaries 3 and 4

We proof these propositions and corollaries by constructing Dy such, that we satisfy
different constraint sets of the proofs of propositions 1 and 2. But since we have
shown propositions 1 and 2 only for representative matrices a, sometimes we have to
interchange indices in the constraint sets, in order to adapt them for the following
proofs.

7.2.1 Proof of Proposition 3

1. Suppose that D; € A = player 2’s payoff will be at least m > g and p =
( i ; >, if he proposes Dy = (%, %,O) or Dy = (ay2,a11 — €,a13 + €).

A1) Suppose Dy = (3,3,0) and Dy = (0,3,3) is a single proposal equilibrium =

This requires the following rank matrix:

ail a1z a13 3 1 2
A= 1 1 0 — 2* 3 1 (67)
o 1 1 1 3 3

This can be satisfied if the constraint set (i) of D3 holds. The feasible set S4, is
then determined by

1. 2@21 Z a1 — a1 S 1
2. 2019 < QA = a2 < le
3. po > r = an >
A4 pe+2p—x >z = ap > 2a; — 3

After comparison of the inequalities, only 4. is remaining.

o Itk (IR ACE [V P AR S
(See figure 1)
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Minimum payoff player 2:

4 1
() = L (69)
As) See Aj;, but now with constraint set (v) of D3. This requires
1. 2001 > a;n = ap < 1
2. 2010 > axp = a2 > i
3. pp+2a;m—an >z = ap > 245 — 3
4 g +2ap—apn > r = ap > 2-—ian)
After comparison of the inequalities, only 2. is remaining.
= Sa = {(G i x [H1-au]} (70)
(See figure 2)
Minimum payoff player 2:
() = & )

A3) Suppose Dy = (ajg,a11 — €,a13 + €) and D3 = (0, ua, 1 — us) is a single proposal
equilibrium = This requires the following rank matrix

a1 a2 a13 31 1
A= a2 Q1] —€ aiz3+e€ — 2 3 2 (72)
0 2 1— 125 1 20 3

This can be satisfied if the constraint set of Dg holds (note that py = ). The
feasible set S4, is then determined by

1 2001 < apy — ay; > %
2. 2a10 < a9 - a1 > %
3. 93 > @13 — e > 0
4. 1—po+aiz > 2a3 = a2 > € —an
= Sa4 = {(3,1] x[0,1—au]} (73)
(See figure 3)
Minimum payoff player 2:
5" (Az) > 3 (74)
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2.

B1)

Bs)

Suppose D, € B = player 2’s payoff will be at least my > % and p = ( ; ? ),
if he proposes Dy = (a2 + €, 1 — (aia + €),0),
DQ = (% — a1 +36, % — a2 +2€, a1 +a12 — % — 56), Dg = ((112 +€, 1 — (CL12 +6), 0),

Dy = (a12 — § — 26,2 — a13 4 2¢,0), Dy = (3 +4¢, 3 — 4¢,0),

Dy = (ayz + 4€, 1 — (arz + 4€),0) or Dy = (1,0,0).

Suppose Dy = (ayz + €,1 — (a1 + €),0) and D3 = (0,a12,1 — ayo) is a single
proposal equilibrium = This requires the following rank matrix:

ai 12 a13 3 1 2
A= a1 + € 1— (alg -+ 6) 0 — 2 31 (75)
0 a12 1-— a2 1 3 3

This can be satisfied if the constraint set (ii) of D3 holds (by construction we
have z = ay3). The feasible set Sg, is then determined by

1. 2a99 > apo — 12 < %

2. 2a17 < a9 = app > 2a1

3. B2 < Z = a2 > %

4. H1 + 2099 — a19 > Mo — a2 < g + %
5. aos < Q13 = a1 < 1l—ay
6. I —ps+ax < 2013 = app < % —an
7.1t an) < 1-z2 = ap < i14an

After comparison of the inequalities, only 3., 6., and 7. are remaining.

= Ss = {[0]x[zstan]ulpil x b i-an))  (76)
(See figure 5 )
Minimum payoff player 2:

"B = | (77)

Suppose Dy = (2 —ay1 +3¢, 3 —a1a+2¢, a1 +a12— 5 —5¢) and D3 = (0, pia, 1— pup)
is single proposal equilibrium = This requires the following rank matrix:

aiq ai2 a13 3 1 2
A= %—all—l—?)e %—a12+26 1 — a9 —ag — 2 3 1
0 [ho 1— po 1 2 3

(78)

This can be satisfied if the constraints of Dy hold. The feasible set Sg, is then
determined by

1. Mo < U — e > 0
2. 2a17 < a9 — a3 < 411
3. a3 < a3 = ap < % —an
4. 1-— Mo + a3 > 2013 = aja > g — an
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Bs)

B,)

After comparison of the inequalities, only 3. and 4. are remaining.

— Sg = {0 xG-ani-a]uGil xGi-al]t (79
(See figure 6)
Minimum payoff player 2:

3" (By) > (80)

ol W

Suppose Dy = (aja+€,1—(aja+¢€),0) and D3 = (0, a2, 1 —aq2) is single proposal
equilibrium = This requires the following rank matrix:

an 12 a3 3 1 2
A= app+€ 1— (a12 + 6) 0 — 2 3 1 (81)
0 a12 1-— a2 1 3 3

This can be satisfied if the constraint set (iv) of D3 holds. The feasible set Sg,
is then determined by

1. 2099 > a9 = a9 < 2a11

2. 2a11 2> a9 = app < %

3. p1+2a0—ap =2 ap = ap < %an + %
4. po+2a11 —an > ap = ap < % +an

After comparison of the inequalities only 4. is remaining.

= Sg = {lbslxata) Vel xhl-a]} (682
(See figure 7)
Minimum payoff player 2:

T (Bs) = 3 (53)

Suppose Dy = (ajs — i — 2€, % — a1z + 2¢,0) and D3 = (0, o, 1 — o) is a single

proposal equilibrium = This requires the following rank matrix:

a1 a2 a3 3 1 2
A= ap—1—-2 3—a;p+2e 0 o 2 3 1 (84)
0 L1 1— o 1 2¢ 3

This can be satisfied if the constraints of D3E hold (and ags has to be non negative).
The feasible set Sp, is then determined by

L. 2 < — Q12 > 5 — a1
2. 2a17 < a9 = aypp > 2aq11 — %1
3. axzy < a3 = a;p < l—ap
4. 1— Mo + Q23 > 2(113 — Q12 > % — a
5. azxp > 0 — a2 < %
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Bs)

Bs)

After comparison of the inequalities, only 2., 4. and 5. are remaining.

= Ss = {[0,4] x (5 —au 3] U (53] < [5:3]V 5
85
(18] ¥ [ —an] U [5 5] x (an = §, 1= an]}
(See figure 8)
Minimum payoff player 2:
Ty (B4> > g (86)

Suppose Dy = (2 +4¢,2 — 4¢,0) and D3 = (0, p12,1 — p2) implies the correlated
equilibrium C'3 = This requires the following rank matrix:

a1 a19 a13 2 3 2*
A= 2+44¢ 2—-4¢ 0 — 31 1 (87)
0 142 1 — g 1 2° 3

This can be satisfied if the constraint set (b) of D" holds (a2 = z). The feasible
set Sp, is then determined by and payoff greater than %

L. 2a29 > a2 — app < 3
2. 2011 < am; = a1 < 1—3%
3. p1+ 2a0 —apa < o —= a2 > 5 +ian
4. p1+ 2a0 —aiz < ap = ajp > 35 T 7011
5. azz < a3 == a0 < 1—ay
6. 1 — (1 4 2a90 — a12) + a3 < 2a13 — a2 < 15— 3011
7. %(]— — M2 + alS) S 11— a2 — Q12 Z g + 2@11
8. 1 — (2a92 — az) + asz > 2a13 = app > 35— %an
9. %(1 — (2a92 — a12) + agzs +a13) < %(1 — pe +a13) = ajp < % 5011
10. ajp < Qg = app < g
After comparison of the inequalities only 3. and 10. are remaining.
= Sg; = {[0:5] x (5 +300.3)} (88)
(See figure 9)
Minimum payoff player 2:
’ 51
min B > = ]9
pn(Bs) > o (59)

Suppose Dy = (aja + 4€,1 — (a2 + 4¢),0) and D3 = (0, a2, 1 — a12) implies the
correlated equilibrium C}3 = This requires the following rank matrix:

aiy 12 a3 2 3 2
A= a9 + de 1— ((I12 + 46) 0 — 3 1 1 (90)

35



This can be satisfied if the constraint set (a) of D§°" holds (by construction we
have = aj5). The feasible set Sp, is then determined by

1. 2a99 > a12 = A2 < %
2. 2011 < an = a9 > 2011
3. o < T = aip > 3

3
4. p1+2a —aip = o = ap < $+
5. o3 < Qi3 = ap < 1l—an
6. 1-— Lo 4 as3 < 2a13 —— A2 < % — a1l
7. %(1 — Ug + (113) > 1l—z = app > % “+ a1

After comparison of the inequalities, only 4. and 7. are remaining.

= Sm = {[05] x[zz+an) Vsl x [z d-a); ()
(See figure 10)
Minimum payoff player 2:

, 1
W;nm(Bﬁ) > 5 — € (92)

B7) Suppose Dy = (1,0,0) and D3 = (0, 2, 1 — o) is a single proposal equilibrium
= This requires the following rank matrix:

aip ai2 a3 2 3 2
A= 1 0 0 — 31 1 (93)
0 e 1—1—p9 1 2 3

This can be satisfied if the constraints of Dy hold. The feasible set Sg, is then
determined by

1. Lo < U = app < l4aq
2. 2011 < an — a1 < %
3. asy < ais = a2 < l—an
4. 1—pp+as > 2xa;3 = ap > § — 3an
5. Mo > % — Q12 > 1
After comparison of the inequalities only 5. is remaining.
= Sz, = {[0,i] x (3, 1—an]} (94)

(See figure 11)
Minimum payoff player 2:

5" (Br) >

ool w

(95)

Together we have shown that V D; € AU B 3 a proposal Dj of player 2, such that p
is symmetric and mp > %.
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7.2.2 Proof of Corollary 3

1. Suppose D1 € A;UA,UB;UB3UBs and D, such that p is non-symmetric and the
best reaction of player 2, then my > %, because with Dy such that p is symmetric
player 2 obtains at least my = % (see proof of proposition 3). Furthermore we have
from the proof of proposition 2 73 > }1. Together with the resource constraint we

0btain1:7r1+7rg+7r3>4—11+%+}L:1%

2. Suppose (D; € AUB)\D; € A; U Ay U By U B3 U Bs and D, such that p is
non-symmetric and m; > }l.
At first note that m > }L is only possible if the constraints for D$ or DL hold,
because otherwise from prop (..) we have m =0 and 75 > £ since the minimum
payoff with D, such that p is symmetric is my = %.
1 T2
Y1 Yo

/

(b) Suppose Dy such that the constraints of DL hold = a = ( zl zz ) and
1 Y2

D3 = (0,2a12 — ase + €,1 — (2a13 — age + €)) is the best reaction of player 3

1 1
and T = E(CLH + CL21> and g = 5(2a12 — Q99 + € + Q19 + CLQQ) = a2+ %

i. Suppose Dy €€ A\(A; UAy) = ajp < % =

7rz=é+§<%<e<%>%

ii. Suppose Dy €€ B\(B1UBsUB5) = a1 < % and 2a9; < aq; (constraints

(a) Ds such that the constraints D§ hold = a = < ) = a9 +taxp <z

—

oot

<z <

N [—=

anda21:7r1>— CL22:7T22

ool

OfD?f'E):>7T1<%(%+%)§1%%

(c) Suppose Dy such that the constraints of D° hold = a = ( zl 52 ) and
1 Y2

D3 = (2@11 — Qo1 T €, 1-— (2@11 — Q91 + 6)) and Ty = %(Cblg + CLQQ)

i. Suppose Dy €€ A\(A; U Ay) = ajp < L and 75 <

since asy < aps. %

ii. Suppose Dy €€ B\(B; U B3 U Bs) = a1z < % and my < g
since 2a99 < aqa.

37



7.2.3 Proof of Proposition 4 and Corollary 4

Suppose D, € C

Ch)

Cy)

a1 +CL12 S 1 and D2 = (1-@22, 92, O) with 1— (2@22-@12) = %(1-@11 —CL12) —
aze = (1 + 3ai2 + a1 — 2¢) and D3 = (0,2a0s — a1z + €, 1 — (2a22 — a1z + €')) is
a single proposal equilibrium. This requires the following rank matrix:

11 a2 a3 213
A= 1-— A929 Q929 0 — 3 2 1
0 2&22 — Q12 + 6/ 1-— (2&22 — a2 + 6,) 1 3 2
(96)

This can be satisfied if the constraint set (i) of D3 hold with agy = x. The feasible
set Se, is then determined by

1. a1 +as < ag = app < 1-—3a;
2. 2a117 < a9 == a1y < 1-—3ap
3. 2a10 < a9 — a2 < % + %au
4. 2099 — a9 < 1 = a1 < 1l—ap
5. 1-— (2&22 — a9 + 6/) > %(&13 + CL23) — € < €

6. ag < az = app < 3—san
7. 2000 —ay > 2a: —a;p = ap < 3 —ay

After comparison of the inequalities, only 1. and 3. are remaining.

= S = {(0,%] x[0,1+1an1)U[3,3) x[0,1—3an)} (97)
(See figure 13)
Minimum payoff player 2:

" (C1) > (98)

N | —

D2 = (1—&22, aga, 0) with 2&21—(111 =1= 91 = %(14—&11) and 99 = %(1—&11).
D3 = (0,2a92 — ajg+€,1 — (2a29 — a2 +€)) is a single proposal equilibrium. This
requires the following rank matrix:

an a2 a13 213
A=\ 1—as a9 0 — 3 21
0 2@22 —ajgt+¢€ 1-— (2(122 — ayg + 6) 1 3 2F
(99)

This can be satisfied if the constraint set (ii) of D3 holds with as = z. The
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Cs)

feasible set S¢, is then determined by

1. air +ap < oa — a2 < % — %an
2. 2011 < a9 == ap; < %

3. 2012 > ag = a1 2> %1 — 7116111
4. 2099 — a1 < 1 — Q12 > —ai1

5. 2091 —a;; > 1 — 1 > 1

6. 1— (2anaix+e) > %(a13 +ax) = a2 > % —an
7. azp < a = a1 = 0

8. 2a99 —ayp = % — ap < % —an

After comparison of the inequalities, only 1., 3. and 6. are remaining.

— Se, = {[0.5] x (G —an, 3 = 3an] U (5,3] x [G — on, 5 — an]}
(100)
(See figure 14)
Minimum payoff player 2:
, 1
5" (Cy) > 3 (101)
DQ = (1 — GQQ,GQQ,O) with 2(122 — A12 — % — Q91 = 1—11(3 — 2(111) and 99 —

411(1 + 2a11). D3 = (0,2a22 — a1z + €,1 — (2a92 — a1z + €)) is a single proposal
equilibrium. This requires the following rank matrix:

a1 12 a3 213
A= 1— 922 A929 0 — 3 2 1
0 2a90 —a1a + € 1 — (2a90 — aja + €) 1 3 2¢
(102)

This can be satisfied if the constraint set (ii) of D3 holds with ag = z. The
feasible set S¢, is then determined by

L. aj; +ap < ag = ap < 3—2an
2. 2011 < a91 — a2 < % — 4@11
3. 2a12 > ag = ax >
4. 2099 —a1ps < 1 — % < 1
5. 2a91 —a; > 1 = ap < j3—an
6. 1—(2092a12+€) > 3(az+as) = az > —an
7. az < az = ap > j
After comparison of the inequalities, only 1. and 3. are remaining.
1 1
— SC3 = { |:O, gj| X [6’ % — 2@11:| } (103)

(See figure 15)
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Cs)

Minimum payoff player 2:

- 1
7T72nm(63) > E (104)
D2 = (1 — a992, 09292, O) Wlth 2&22 — Q12 +€e= 2&21 — al — 91 = 71(2 + all_a21+e)
and 921 — %1(2 — a11+a21,€). D3 = (0, 2(122 — a12 + 6,, 1— (2&22 — a12 =+ 6,)) 1S a
single proposal equilibrium. This requires the following rank matrix:

ai a12 a13 21 3
A= 1 —ag ax 0 N 3 2 1
0 2a90 —aja + € 1 — (2a9 — ara + €) 1 3 2

(105)
This can be satisfied if the constraint set (i) of Di holds with as; = z. The
feasible set S¢, is then determined by

1. aip +ap < oag — a2 < % - %au
2. 2a17 < a9 = a1 < 2—Tay
3. 2012 < Qo9 — a2 < % — %GH
4. 2099 — a1 < 1 = a2 > —a
51— (2@22&12 + 6,) < %(a13 + a23) — a2 < % — Q11
7. a1 < g — a2 > an
8. 2001 — a1 < 2a99 — a2 — e > 0
After comparison of the inequalities, only 1. and 3. are remaining.
1 2 1
= Se, = {[0,7] x (a3 — 7au)} (106)

(See figure 16)
Minimum payoff player 2:

TP (Cy) > (107)

DN | —

In the following we show that

Given (ay1,a12) € S¢, = {C\ Uizl&;k} the share of player 1 is m; = 0 or p is
symmetric and my > %.

In order to proof this, we divide S¢, into three subsets

7a11<%7a12<%}

a2 > 2 —fay, a1 > 5 —3a;} (108)
, a2 > 1 —3ay1, a1 > 0}

SéS = {(01176112)7 |, a1 + app >
Sés = (a1, a12), |, @11 +app <
335 = (a117a12)7 | , a11 + ajp <

DD [0 [ =

(a) Given (a1, a12) € Sés — with Dy, = (% +e€, % —¢€,0) the inequalities of D%e
hold and D3 = (0,3 — e+ €, 2 + ¢ — ¢) is the best proposal of player 3 with
D3 being a proposal equilibrium including 7 = 0 and my = % —e+¢€.
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1.

ii.

Suppose player 2 construct his proposal D such that p is non-symmetric
and m; > 0, then the inequalities of D° or D§ must hold (a;; =
Y1, @12 = Yo). But y; + yo < x cannot hold since z < %

Suppose player 2 construct his proposal Dy such that p is symmetric
and my < %, then this cannot be his best proposal, since proposing
Dy = (5 +¢,3 — €,0) with non-symmetric p and € < i ensures him a
share of mg > g.

(b) Given (aq1,a12) € 835 USg5 — with Dy = (1— (a1 + a2 —¢€),a11 +a12—¢,0)
the inequalities of D%E hold and D3 = (0,a11 + a1o —e+€,1 — (a1; + ajp —
€+ ¢€') is the best proposal of player 3 with D3 being a proposal equilibrium
including 7 = 0 and my = a1o + ay; — e+ €.

i.

11.

iii.

player 2 construct his proposal D, such that p is non-symmetric, 7y > 0
and the inequalities of D3TO hold, with my = a15. Then this cannot be the
best reaction of player 2, since Dy = (1 — (a1 + a2 —€),a11 +ajp —€,0)
with € < aj;) ensures him a share of 9 = a1 + aj9 — € + € > ayo
Suppose player 2 construct his proposal D, such that p is non-symmetric,
m > 0 and the inequalities of D3L€ hold with D3 = (2a9; —aj1+€,0,1—
(2a91 — agg + €)) is the best proposal player 3 (a;1 = v1, a1a = Yo)
= This cannot be the best reaction of player 2, because his share
Ty = %(:@ + y2) must exceed his share my = y; + Yo + € — €’ generated
by Dy = (0,5 —e+¢€,1+¢—¢). But

13
1 y2>1-3y1>25—-5un r1<1l—x9
s(@et+12) >yt = =1 =

r1=0=2x
(10
since ajo > i and a;; +a;p <z
Suppose player 2 construct his proposal Dy such that p is symmetric
and my < % —
o. app +ap < %
B. Dy € {D5, Dy}
Otherwise player 2 can obtain a share of m = a1 + a0 — € + ¢ >
% > ay; > app by choosing € < aj; + ajp — % and proposing Dy =
(1 —(a11 + a2 —€), a1 + a1z — €,0) with non-symmetric p. This implies
also D3 € {D%", DL} following from corollary 5, because if (a1, a12) €
{(88,uSE)N [0, 5] x[0,§ —anl} = {[55 5] x [ = 3an, § —an]U[5, g] x
[0, %—all]} and given symmetric p, we have z < a; < % ANx < apg < 11—6.
a. Suppose player 2 construct his proposal D, such that p is symmetric
and D3 = D5 is the best proposal of player 3 leading to a correlated
equilibrium Cs; =
This cannot be the best reaction of player 2 because his share
7TQ(D§OT) = %(MQ + l’g) = %(%((122 + CL12) + a22> = %CLQQ + %alg must

!6

exceed mo(D3 ) = ajy + a1z — € + €', which implies

41



1v.

3 1 4
022+ 7a12 2 an + a2 = A > 3011 + a2
a11> 1y (110)

But this is a contradiction of

R 31 1
Ry = 2 3 2 (111)
1 2% 3
which implies
a3 > a13 > a > jan +ap
an+ap<3 (112)
> : = agy < 3

(. Suppose player 2 construct his proposal Dj such that p is symmetric
and D3 = D5 is the best proposal of player 3 leading to a correlated
equilibrium C3 =
This cannot be the best reaction of player 2, since his share is given
by my = %(alg + azs) < ajp because P(agzy) < 2.

v. Suppose player 2 construct his proposal Dy such that p is symmetric
and D3 = DY is the best proposal of player 3 leading to a drawing
lots equilibrium —

This cannot be the best reaction of player because if asy = 2a10 —
age + € we have mo(DL) = %(am + 2a12 — az) = ajp +€ < 7r2(D§€)
and if agy = 0 mo(DE > ﬂg(Dge) would imply

$(a12 + ag) > an +aip = ax > 3an + 2a12
a1120
ajg> 1-3aqq
a12<E—an
3 1
(113)

but then we have asz = 0, a3 > % and as3 < 1, which cannot lead
to a drawing lots equilibrium with ®(as3) = 3.

Suppose (aj1,a2) € 835 and player 2 construct his proposal D, such
that p is non-symmetric, 7; > 0 and the inequalities of DX (i) hold with
D3 = (0,2a92 — aja + €,1 — (2a22 — a12 + €)) is the best proposal player
3(an =y1, an =1y) =

2y <x 29 —y2<2x1—
3y2 y2< 2 9y — " 2 y2< 1—Y1 97, — " 9 1
r1<l—x2 2ya<x2 - y2 < ?_??/1
< 2(l-m)—wn < 2—dyy —y
(114)

1

since ajg > % —

ay; must hold in S3..
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v. Suppose (a1,a12) € 835 player 2 construct his proposal D, such that
p is non-symmetric, 71 > 0 and the inequalities of D% (ii) hold with
D3 = (0,2a92 — aja + €,1 — (2a22 — a1z + €)) is the best proposal player
3 (a1 =y1, a12 =Y2) =

r1<1—x2
1 < 23—y < 2—2x— 1 1 3
T<Z y1+y2<z = Y2 < §_§y1
< 2-2z—y1 < 2-=3y1— 2y

(115)
since ajg < % — %all must hold in SZ..
vi. Suppose (a1, ai) € 85’5 and player 2 construct his proposal D, such
that p is non-symmetric, 1 > 0 and the inequalities of D hold with
D3 = (0,2a92 — aja + €,1 — (2a22 — a1z + €)) is the best proposal player
3(ann =y1, a1 =y2) =

o<z
Y1+ Y2 < z < T2
z2<1l—x1 2yl<zy = Y2 <1-3y %
< 1—x < 1-2,1
(116)
since ajp > 1 — 3ay; must hold in S,
Altogether we have shown proposition 4 and corollary 4.
|

7.2.4 Proof Proposition 5

Ifa= ( [1) (1) ) = My = }L is already shown in corollary 1.

0 1
1. Suppose a = ( 0

with Ds being a single proposal equilibrium. = 7 =0

) —> D3 = (¢,0,1 — €) is the best reaction of player 3

The solution set is given by

Sio= {[0,0] x [0,1]} (117)
0 1
2. S = d
uppose a ( oy o ) an
1. oo < %
2. 1—/11 > 2@23 —— Q92 > %—%agl (118)

then the constraints of D§ hold and D§ = (11,0, 1—)p1) is the best reaction of
player 3 with D3ﬁ being a single proposal equilibrium. = 75 =0
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The solution set is given by

S = { [0,5] x (53— faa,3) U
(3 % x (3 — 21,1 —an] U (119)
(3,1) x 0,1 —axn]}

. Suppose a = ( 0 1 ) and

a21 Q22
1. Qoo < %
2. 1-— w < 2a93 = a9y < % — %am (120)
3. 3(1—p+ap) < l—ay = axn > san

then the constraints (ii) of D5 hold and D3 = (z,0,1 — ) is the best reaction of
player 3 with D being a single proposal equilibrium. = 75 = 0

The solution set is given by

S = {(0.3] x [3021,5 — Jan]} (121)
0 1
. Suppose a = and
pp < A21  A22 )
13
L. X I—p < 2ag3 = az < P 1021 (122)
2. 5(1—/114—0123) > 1—ayg = a9y < 5021

then the constraints (a) of D§”" hold and D§”" = (1,0, 1 — 11 is the best reaction
of player 3 with Cs3 being a correlated equilibrium. = m = %agg < %

The solution set is given by

Si = {(0,3] x [0, 3a21) U (3,3] x [0,3 — Jazn) } (123)
0 1
. Suppose a = and
PP < Q21  A22 )
1. azp > %
2. J251 4+ 2099 —a19 < a9 —— Q92 < %—f- iGQI (124)
3. 1—[1,1—(2a22—1) > 2093 = a9, > 0

then the constraints (i) of D4" hold and D" = (1, 2a0e—1+€, 1— (1 42a2—1+¢€))
is the best reaction of player 3 with D" being a single proposal equilibrium. —>
7T2:2G22—1+6<%—6,+6

The solution set is given by

S = (02 x[Li+lan) U x[L1-a])  (12)
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a21 A22

an > 0

1
6. Suppose a = ( 0 ) and
1.
2. p1+2ap—a < an = axn < %4— %621

(126)
then the constraints (iii) of D3 hold and D5 = (z,0,1 — x) is the best reaction

of player 3 with D7 being a single proposal equilibrium. = 15 = 0

The solution set is given by

S = 0.2 % [+ ban 1~ aal]) (127)

Altogether we have shown that Dy = (1,0,0) is the best reaction of player 2 given
D; =(0,1,0)
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Figure 1: Feasible set Sy4,.

Figure 2: Feasible set S4,.
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Figure 3: Feasible set S4,.

Figure 4: Feasible set S4.
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Figure 5: Feasible set Sg,.

Figure 6: Feasible set Sg,.
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Figure 7: Feasible set Sg,.

Figure 8: Feasible set Sg, .
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Figure 9: Feasible set Sg,.

Figure 10: Feasible set Sg.
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Figure 11: Feasible set Sg,.

Figure 12: Feasible set Sg.
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Figure 13: Feasible set Sg, .

Figure 14: Feasible set Sg, .
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Figure 15: Feasible set Sc,.

Figure 16: Feasible set Sg,.
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